In the actual analysis of grey clustering evaluation, the length of a grey clustering interval was partially longer, which is determined by the grey clustering evaluation method based on the center-point triangular whitenization weight function. In response to problems like this, this paper proposes a new grey evaluation method on the basis of the reformative triangular whitenization weight function. Motivated by ideas of the end-point and the center-point triangular whitenization weight functions, we construct a new compact-center-point triangular whitenization weight function. Then, several aspects of the three kinds of triangular whitenization weight functions are compared, such as the crossing properties of grey cluster, clustering coefficients, rules for grey clustering interval, rules for choosing end-points and clustering performance. In the following, this paper proposes an example about the evaluation of a basin initial water rights allocation scheme, which analyzes the three methods to further verify that the new grey clustering evaluation method is feasible and effective. The results indicate that the compact-center-point triangular whitenization weight function precedes the end-point triangular whitenization weight function and the center-point triangular whitenization weight function soundly.
INTRODUCTION
In cybernetics theory, we always use the intensity of the color to describe the degree of clearness of the information. For instance, Ashby called an object with unknown internal information as "black box". And the citizens put forward that there should be an increase in the transparency of the political information on the basis of the wish of understanding the decision and its forming process of the policy. Hence, we can use "black" to express unknown information, use "white" to indicate completely known information, and use "grey" to represent partially known information [1, 2] . Grey system theory is a method which is widely applied in studying the analysis of systems with small sample and incomplete information [3] [4] [5] . Grey clustering evaluation method is part of the grey system theory, which is suitable for evaluating objects with partial information. The key point of the grey clustering evaluation method is to construct whitenization weight function. We can dredge up underlying information to evaluate the object based on the whitenization weight function. Whitenization weight function refers to the preference for different values of a grey variable within its scope. So, constructing whitenization weight function is the key step to solve this problem.
Liu and Zhu proposed the grey clustering evaluation method based on the end-point triangular whitenization *Address correspondence to this author at the Business School of Hohai University, Nanjing, 210098, P.R. China; Tel: 025-58099312; Fax: 025-86902496; E-mail: linazhangv@163.com weight function (abbreviated as ETWF) [6] . As an important branch of constructing whitenization weight function method, ETWF is an effective method to indicate the preference of the grey variable within its scope for different values. This method is widely used in the fields of evaluation research, such as regional leading industry, regional comprehensive strength of science and technology, web sites [7] [8] [9] . And some researchers also integrate this method with other methods to evaluate the agricultural ecological environmental quality, the investment of venture capital, the water eutrophication degree of wetland, traffic safety and the construction of road system, self-propelled gun, the information functional requirements [10] [11] [12] [13] [14] [15] [16] . Besides, Liu and Xie did further research on the theory of ETWF, proposed the grey clustering evaluation method based on the center-point triangular whitenization weight function (abbreviated as CTWF), and proved that CTWF precedes ETWF in several aspects, such as the crossing properties of a grey cluster, clustering coefficients and rules for choosing end-points [17] .
Thus, we can see that the research on the grey evaluation method based on the triangular whitenization weight function is still in a developing stage at present [18] . Compared to less theoretical research, the existing achievements concentrated mainly on the aspects of the application. There are still some areas which are needed to be improved theoretically [17] . Based on the pre-research and pre-analysis for the theory of CTWF, we figure out the problem of which the division of the grey clustering interval of triangular whitenization weight function is lack of certain scientific ideals, then we take it as a breakthrough point to conduct research (see Section 3.3.). Hence we construct the triangular whitenization weight function based on the compact-center-point, and analyze it by comparing it with ETWF and CTWF.
The remainder of the paper is organized as follows: In Section 2, we propose the grey clustering evaluation method based on the compact-center-point triangular whitenization weight function (abbreviated as CCTWF). In Section 3, several aspects of the three kinds of triangular whitenization weight functions are compared, such as the crossing properties of grey cluster, clustering coefficients, rules for grey clustering interval, rules for choosing end-points and clustering performance. In Section 4, we give an illustrative example to verify the grey clustering evaluation method based on CCTWF and to demonstrate its validity and feasibility. In Section 5, we finish this paper with some conclusions.
GREY EVALUATION MODEL
Motivated by the ideas of the grey clustering evaluation methods based on ETWF and CTWF [8, 17] , the grey clustering evaluation method based on CCTWF is introduced in this paper. And we conduct further research by taking the problem of which the division of grey clustering interval of triangular whitenization weight function is lack of certain scientific ideals as the breakthrough point. Based on the research of the properties, such as the crossing properties of a grey cluster, clustering coefficients, rules for grey clustering interval, rules for choosing end-points and clustering performance, this paper improves the existing triangular whitenization weight function and establishes CCTWF. The calculation procedure of the grey clustering evaluation method based on CCTWF is as follows: Step 2:
, s the method of determining grey interval may have the following cases:
) is the grey interval of the grey cluster k ; 
For an observation value x j of the clustering index g j ,
In a similar way, for any 
) , we will choose
the triangular whitenization weight function of the clustering index g j belonging to the grey cluster
Eq. (1) (see Fig. 1 ).
Step 3: The integrated clustering coefficients of the object O i belonging to the grey cluster k can be given by:
where f j k x j ( ) is the triangular whitenization weight function of the clustering index g j belonging to the grey cluster k , j is the weight of clustering index g j in comprehensive clustering, and determined by the method of triangular fuzzy number [19] .
Step 4: If max
, we say that the object O i belongs to the grey cluster k . It means that we can choose the maximal element of a grey clustering coefficient as the clustering result. When more than one objects belong to the grey cluster k , we can sort these objects according to the size of its integrated clustering coefficients, then determine seating arrangement or quality of each object belonging to the grey cluster k .
COMPARATIVE ANALYSIS

The Crossing Properties of Grey Cluster
From the aspect of the crossing properties of a grey cluster, CTWF is superior to ETWF [8, 17] . Theorem 3.1 [8, 17] There exist more than two multiplecrosses of grey cluster for ETWF. Theorem 3.2 [8, 17] There exist no multiple-crosses of grey cluster for CTWF.
Note:
In fact, according to the proof procedure of Theorem 3.1, we have at least three multiple-crosses of grey cluster for ETWF. According to the proof of Theorem 3.2, we have two multiple-crosses of grey cluster for CTWF. For CTWF, the cross-interval between grey cluster -1 k and grey cluster k is
Therefore, Theorem 3.2 can be improved as follows.
Theorem 3.3
There exist two multiple-crosses of grey cluster for CCTWF. 
) . Clearly, there exist cross between grey cluster k and grey cluster 1 k + at most.
Hence, there exist cross phenomenon between grey cluster 1 k and grey cluster k or cross phenomenon between grey cluster k and grey cluster 1 k + at most.
) , which is proved similar to the case (2).
Hence, there exist two multiple-crosses of grey cluster for CCTWF at most. Theorem 3.1, Theorem 3.3 and Theorem 3.4 imply the following results: there exist two multiple-crosses of grey cluster for CCTWF at most, compared with three multiplecrosses of grey cluster for ETWF at least and two multiplecrosses of grey cluster for CTWF. Hence, CCTWF precedes ETWF and CTWF from the aspect of the crossing properties of grey cluster.
Clustering Coefficients
The three kinds of triangular whitenization weight functions describe the degree of an object belonging to a grey cluster in different angles, and whitenization weight function is the key point to determine the integrated clustering coefficients. The grey clustering evaluation model based on ETWF does not satisfy the normative, while the grey clustering evaluation model based on CTWF meets normative (See Theorem 3.5 and Theorem 3.6).
Theorem 3.5 [8, 17] For the grey clustering evaluation model based on ETWF, let x j be an observation value of the 
Theorem 3.6 [8, 17] For the grey clustering evaluation model based on CTWF, let x j be an observation value of the clustering index g j and
Note: In Theorem 3.6, the grey clustering evaluation model based on CTWF does not satisfy normative. In fact, if
Therefore, Theorem 3.6 can be improved as follows.
Theorem 3.7
For the grey clustering evaluation model based on CTWF, let x j be an observation value of the
At this time, we say that the grey clustering evaluation model based on CTWF meets weak normative. 
Proof (1) let x j be an observation value of the clustering index g j , by the principle of the construction of CCTWF,
by the principle of the construction of CCTWF, thus
Sufficiency. Let x j be an observation value of the clustering index g j , we may assume that
} by the principle of the construction of CCTWF. Hence, the proof is complete.
Consequently, throughout the analysis process above, the ETWF dissatisfies the normative and CTWF meets weak normative and CCTWF meets partially normative. But the new function simplifies the redundant calculation of cross function, and is uncomplicated to be operated, with no need for calculating a triangular whitenization weight function twice, and we will give an illustrative example to verify the desired results (See the values of f j k ( )in Tables 4 and 7).
Rules for Grey Clustering Interval
For ETWF, there is no procedural way to choose the endpoints Actually, according to our habits of mind, the grasp and judgment of center-point of grey cluster are far more accurate than the grey interval, for this reason CTWF is superior to ETWF from the aspect of the rules for grey clustering interval. The rules for grey cluster interval of CTWF lack certain scientific ideals and need improvement.
We still make the evaluation for the construction of universities [8, 17] . By the evaluation process of this example, we have the following results. In the process of the application of the clustering evaluation method based on CTWF, Liu and Xie divided the interval of performance appraisal of discipline construction into four grey clusters: "excellent type", "good type", "general type" and "poor type" in accordance with appraisal requirements, and determined the center-points 1 [17] . For the interval of grey cluster, "good type" was determined by the centerpoint of grey cluster "excellent type" and grey cluster "general type", and the interval of grey cluster "general type" was determined by the center-point of grey cluster "good type" and grey cluster "poor type". In this way the interval length will be enlarged of grey cluster "good type" and grey cluster "general type" in all possible ways. Therefore, the result of evaluation based on the CTWF is unreliable.
By the principle of the construction of CCTWF, we get the divided interval of performance appraisal of discipline construction [ , which represents the grey clusters "excellent type", "good type", "general type" and "poor type" respectively. These intervals of grey cluster could be more appropriate to the connotation of the center-points and correspond to our habits of mind.
To sum up, the rules for grey clustering interval of CCTWF are more reasonable. In order to verify the correctness of the inference above, we will compare and analyze the clustering performance of the grey clustering evaluation method based on the three kinds of triangular whitenization weight functions, with the example of the comprehensive evaluation of a basin initial water rights allocation scheme. Since the grey clustering evaluation method based on CTWF precedes the grey clustering evaluation method based on ETWF, this paper just applies the grey clustering evaluation method based on CCTWF and the grey clustering evaluation method based on CTWF in the comprehensive evaluation of a basin initial water rights allocation scheme to compare and study the correctness of the above inference.
ANALYSIS OF EXAMPLE
In recent decades, along with the serious scarcity of water resources, much attention has been focused on water rights allocation systems for solving the water conflicts among different regions in China [20] [21] [22] . Under the situation of water scarcity, to build a water rights institution can improve water allocation efficiency among various water using sectors or regions, because it will stimulate water user to establish internal incentive and constraint mechanism of energy saving and emission reduction [23, 24] . An initial allocation of water rights to determine annual water use caps for different users in a reasonable and transparent way underpins better water resources management [25] . The quality of a basin initial water rights allocation scheme directly affects the efficiency of water resources utilization. Hence, it is necessary to evaluate the scheme by an effective method.
Based on the connotation and character of the compound system optimization of a basin initial water rights allocation [22, 25, 26] , as well as the available research results of comprehensive evaluation index system of an initial water rights allocation scheme, we establish the comprehensive evaluation index system of a basin initial water rights allocation scheme on the basis of the investigation and extensive collection of the basin data, and the basin research and interview work, and the suggestion by the river basin administrative agencies and experts in the field of the water environment and water resources, with methods of literature reading, frequency analysis, attribute reduction algorithm, and results reference. As shown in Table 1 .
Dalinghe River is the largest single flow in the western of Liaoning province in China. The length of the trunk stream is about 435 km and the basin area is about 23837 km 2 . The river stretches across the provinces of Liaoning, Inner Mongolia and Hebei. Its basin area in Liaoning is 20285 km 2 , which accounts for 85.1% of the whole. In spite of the shortage and conflicts of water resources, the frame work, such as the comprehensive scheme of social and economic development of this basin, and the comprehensive scheme of water resources, are relatively complete. Hence, this article selects the initial water rights allocation scheme of Dalinghe River as a case to study. (1) According to the related data given by the available research results [18] [19] [20] , we get the observation values of the evaluation indexes. Then we figure out the index weights by the method of triangular fuzzy number. Through the triangular fuzzy number to establish judgment matrix based on the importance of evaluation indexes, we obtain the weights of the evaluation indexes by using the third index of Yager to sort the complementary judgment matrix of Regional satisfaction of water allocation x11 Society x1
Per-capita water allocation x12
Water consumption per ten thousand yuan of agricultural output x21
Water consumption per ten thousand yuan of industrial output x22 Economic x2
Water consumption per ten thousand yuan of tertiary industry x23
Water with green unit x31 Ecology x3
Satisfaction of water with ecological environment x32
Utilization coefficient of agricultural water x41
Utilization coefficient of industrial water x42
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Efficiency x4
Utilization coefficient of tertiary industry water x43 triangular fuzzy number. As shown in Table 2 .
(2) According to the evaluation requirements, we divide the evaluation of an initial water rights allocation scheme of Dalinghe River into four grey clusters: "excellent type", "good type", "general type" and "poor type".
1) By the grey clustering evaluation method based on CTWF, the initial water rights allocation scheme of Dalinghe River is evaluated comprehensively.
Step1: Determine the grey interval of grey cluster. Combining with the suggestion of the river basin administrative agencies and experts in the field of the water environment and water resources, the center-points of the grey cluster are determined, and then we can obtain the grey interval of grey cluster based on the center-points. As shown in Table 3 .
Step 2 
Then, the others can be calculated similarly to the observation value x 11 . As shown in Table 4 .
Step 3: Calculate the integrated clustering coefficients. By the Eq. (4) of the integrated clustering coefficient of CTWF [17] , we can calculate the indexes of criteria layer along with the integrated clustering coefficients of an initial water rights allocation scheme of Dalinghe River, which are shown in Table 5 .
Step 4: According to max
.086 , we can see that the comprehensive evaluation result of an initial water rights allocation scheme of Dalinghe River belongs to the grey cluster of "excellent type".
2) By the grey clustering evaluation method based on CCTWF, the initial water rights allocation scheme of Dalinghe River is evaluated comprehensively.
Step1: Determine the grey interval of grey cluster. Combining with the suggestion of the river basin administrative agencies and experts in the field of the water environment and water resources, and the center-points of the grey cluster, the compact-center-points of the grey cluster are determined, and then we can obtain the grey interval of grey cluster based on the compact-center-points. As it is shown in Table 6 .
Step 2: Calculate the triangular whitenization weight function of the index values. By the Eq.(1), we can calculate 
the others can be calculated similarly to the observation value x 11 . As it is shown in Table 7 .
Step 3: Calculate the integrated clustering coefficients. By the Eq. (2), we can calculate the indexes of criteria layer along with the integrated clustering coefficients of an initial water rights allocation scheme of Dalinghe River, which are shown in Table 8 .
.060 , we can see that the comprehensive evaluation result of an initial water rights allocation scheme of Dalinghe River belongs to the grey cluster of "excellent type".
3) Analysis of the evaluation results
According to the related data in Tables 3 and 6 , we can find that there exist two multiple-crosses of grey cluster for CCTWF at most, compared with two multiple-crosses of grey cluster for CTWF.
According to the related data in Table 4 , we can find that the sum of clustering coefficients of the indexes belongs to the grey cluster of "excellent type", "good type", "general type" and "poor type" which is not always in unity, which indicates that the grey clustering evaluation model based on CTWF just meets weak normative. Comparing Table 4 with Table 7 , the calculation of clustering coefficient based on CCTWF simplifies the redundant calculation of cross function, being easy and uncomplicated to be operated.
According to max
we can see that the comprehensive evaluation result of an initial water rights allocation scheme of Dalinghe River belongs to the grey cluster of "excellent type" based on the related data in Tables  5 and 8 , which is reflected in the aspects of social rationality, economic rationality, ecological rationality and efficiency rationality. Generally, this allocation scheme reflects fairness and efficiency of water allocation among all the regions in the compound system, pays attention to ecological and environmental protection and ensures the reasonability and effectiveness of the allocated water among all the regions, which is beneficial to coordinated development among all the regions. However, the evaluation result differs from the former in the aspect of economic rationality. That is to say, the evaluation result based on CTWF indicates that the scheme belongs to grey cluster of "excellent type", while the same scheme belongs to grey cluster of "poor type" in the light of the grey evaluation result based on CCTWF.
Actually, by means of deliberate discussion for the evaluation results with the experts of administrative agencies 3 of Chifeng, and technology of water-saving irrigation of Panjin is extremely poor, which indicates that the water-use efficiency of Panjin is poorer than others. Therefore, on one hand, the feasibility and effectiveness of the grey clustering evaluation method based on CCTWF can be verified. That is to say, Panjin should take appropriate measures such as introducing advanced technology to develop water-saving irrigation agriculture and reduce ten thousand yuan output value per agricultural water consumption, for improving the efficiency and benefit of the water-use.
CONCLUSIONS
The grey clustering evaluation method based on CCTWF is constructed, which is motivated by ideas of the grey clustering evaluation methods based on ETWF and CTWF. The three kinds of triangular whitenization weight functions are compared in terms of the crossing properties of grey cluster, clustering coefficients, rules for grey clustering interval, rules for choosing end-points, clustering performance. The main conclusions are as follows: (1) In the light of the comparative research on the crossing properties of grey cluster, we can see that CCTWF precedes ETWF and CTWF; 
The comprehensive evaluation scheme of a basin initial water rights allocation scheme further demonstrates the correctness of the inferences above, and the feasibility and validity of the grey clustering evaluation model based on CCTWF.
Hence, to some extent, the grey clustering evaluation method based on CCTWF precedes the methods based on ETWF and CTWF.
